We systematically study the dynamics of a one-dimensional degenerate Fermi gas in an optical-lattice potential coupled to a single-mode cavity field. We derive an effective model to study the nonperturbative effect caused by the cavity field. Our numerical results show that due to the addition of the optical-lattice potential, the system undergoes second-order transition to a bistable density-wave steady state, where the atoms form a density wave and the cavity field is bistable. In addition, the coherent oscillating behavior of the cavity photon number can be observed. We also present a feasible experimental protocol to realize these phenomena, which may be beneficial for future quantum-information applications.
I. INTRODUCTION
With the realization of strong coupling of Bose-Einstein condensates (BEC) with an electromagnetic-field mode of a high-finesse cavity [1, 2] , the cavity quantum electrodynamics (QED) combined with cold atom physics has attracted great experimental and theoretical interest, and achieved considerable advances. For example, by using the cavity QED method, new approaches to extract the quantum-state properties of ultracold atoms have been proposed [3, 4] , and the superfluid-Mottinsulator transition of the cold atoms in quantum optical-lattice potential [5] has been studied in Ref. [6] . Further, recent experiments [7, 8] have realized optomechanics in which cold atoms assemble in a cavity, where either the side-mode excitations of a bosonic condensate [7] or the vibrational motion of cold thermal atoms [8] can serve as a mechanical oscillator. Such cavity-optomechanical analogs have also been extended to the degenerate Fermi gas [9] .
One of the remarkable characteristics of these atom-cavity systems is the intrinsic nonlinearity. In the large detuning limit, the dispersive nature of the atom-photon interaction yields a dipole potential (or optical-lattice potential) to the atoms, and meanwhile the atomic motion shifts the cavitymode frequency. Because of the interdependence between the atomic state and the cavity field, the atom-cavity system is determined self-consistently. This nonlinear interaction has been observed in Ref. [8] , and could lead to the complex dynamics of a Bose-Einstein condensate in a cavity [10] [11] [12] [13] , especially the self-organized superradiant phase transition of atoms in transversally pumped cavities [14] [15] [16] [17] [18] . An intriguing phenomenon associated with the nonlinearity is the possible emergence of optical bistability [19] , which has been observed in different atom-cavity systems [8, 20, 21] .
However, these works did not fully consider the influence of possible external potential, especially the optical-lattice potential. The optical-lattice potential is not only a powerful tool to control the cold atoms with high tunability, but also a platform to study the condensed matter physics with cold atoms [22] . Actually, the technology of adding optical lattice to the cavity-atom system has been readily applied * andrewjee@sina.com in recent experiments [2] , where the important effect of the optical-lattice potential is the emergence of the band structure. However, how the band structure affects the coupled dynamics of the atom-cavity system has not been studied.
In this paper, we consider a system consisting of spinpolarized ultracold Fermi atoms in a high-Q optical cavity driven by a laser field as illustrated in Fig. 1 . Compared with the previous work [9] , we add a strong optical-lattice potential along the axis to form a one-dimensional (1D) lattice gas. We derive an effective spin model to describe this atom-cavity system for a small cavity photon number limit. Then we determine the atomic state together with the quantized light field self-consistently. We find that optical bistability and coherent oscillation of the intracavity photon number can also be observed in this atom-cavity system, and the atoms are in a density wave (DW) state, which is not reported in the previous works.
This paper is organized as follows. In Sec. II, we derive an effective model to describe this atom-cavity system. Based on the model, we study the coupled dynamics, including the possible steady state in Sec. III A and the dynamical evolution in Sec. III B. Some discussion on experiments is presented in Sec. IV. Finally, we give a summary in Sec. V.
II. THE MODEL
We start by considering the single-particle Hamiltonian [6] of a single-mode Fabry-Pérot cavity with cold atoms, which interact with the cavity mode dispersively in a far-detuning limit:
whereâ † andâ are the creation and annihilation operators of the cavity mode with wave vector K c , andP ,X, and m are the momentum, position, and mass of atoms, respectively. η is the cavity-pumping strength at frequency ω p and c = ω p − ω c is the cavity-pumping detuning. V op (X) = U cos 2 (K oX ) is a classical optical potential independent of atoms with wave vector K o and strength U . The atom dipole transition is far off resonance from the cavity mode, and induces a dipole potential classical optical-lattice potential (blue line) along the cavity axis is engineered to confine the atoms into a lattice gas. The cavity field, which couples to the atomic internal energy levels |e and |g , is pumped by a laser beam with strength η.
on the atoms with single-photon potential depth U 0 = g 2 / a , where a = ω p − ω a is the atom-pumping detuning and g is the single-photon Rabi frequency.
In actual experiments, an additional weak, isotropic external harmonic potential (e.g., a magnetic or optical trap) is needed to trap the atoms from escaping. This confinement brings an energy offset of each lattice site and leads to an effective local site-dependent chemical potential
i for the harmonic case. However, for a lattice with 100 sites along a single direction, the Zeeman energy for atoms in different sites varies from 10
−5 E r to 10 −2 E r , which is much smaller than the tunneling energy. Thus, this additional harmonic potential can be ignored, and we only consider the homogeneous case in the following discussion. Moreover, we also drop the constant part of the chemical potential, which does not affect the dynamical behavior of this system.
In the following, we assume that the quantum-dipole potential is much smaller than the classical optical-lattice potential, which can be controlled by tuning the strength of the cavity pumping or the external optical potential. Thus we can expand the atomic field operator asˆ (x) = ifi w(x − x i ), where w(x − x i ) andf i are the lowest-band Wannier function and fermion annihilation operator at site i of the lattice potential, respectively. At low temperature, this is valid when the band gap BG satisfies BG kT ,U 0n . In the tight-binding approximation and within the momentum representation, the atomic Hamiltonian [first three terms in the Hamiltonian given by (1)] is written aŝ
where ε k = −2t cos k with the nearest-neighbor atomic hopping amplitude t = w
Here, the overlap integral of the Wannier function only depends on the optical-lattice potential, and the quantum-dipole potential just shifts the chemical potential µ → µ + U 0n /2 and induces a momentum transfer of Q = 2K c in the atomic state.
The Hamiltonian given by (2) is a good starting point to describe the coupled dynamics of single-mode cavity QED, interacting with cold atoms dispersively. Without an opticallattice potential, previous experimental [7] and theoretical [9] studies show that both Bose and Fermi gases can behave as a harmonic-oscillator coupling to a cavity mode in the weak excitation limit. However, when we turn on a strong opticallattice potential to confine the atoms, not only is the dispersion relation replaced by ε k , but also the collective behavior of the atoms could be qualitatively changed and a density wave state may appear. Here, the cavity field induces a quantum-dipole potential, which is actually a weak-period potential [5] , and the atomic wave functions diffracted by this potential interfere with each other. Once this dipole potential is commensurate with the optical lattice, a density wave state forms. To show this scenario, in the following we consider the case of K o = 2K c , without losing generality, where the atomic momentum transfer induced by the cavity field is Q = 2K c = π .
In comparison with previous works [7, 9] , where the atomic operator is expanded with the plane-wave basis and further truncation of the atomic Hilbert space is needed to determine the dynamics in the limit of small photon number, here we deal with the system in the lowest Bloch band and the Hamiltonian given by (2) can be solved without further approximations. As stated above, the cavity field only mixes momentum k and k + π states of atoms, which can be effectively considered as a system of many "two-level" structures interacting with a single cavity mode. By introducing a two-component spinor
T , we can rewrite the atomic Hamiltonian (2) aŝ 
III. DYNAMICS
Next, we determine the coupled dynamics of this atomcavity system, with the corresponding Heisenberg equations of Eq. (2) given by
where we have introduced the decay κ to describe the cavity dumping. In the following, we shall first consider the meanfield steady-state solution of the above Heisenberg equations, and then investigate the dynamical evolution of this coupled atom-cavity system. To get the mean-field steady-state solutions, we replace all the operators in Eq. (4) with their mean-field values Ô and set all the time derivatives to be zeros, which yields
Together with the normalization condition
the cavity field can be self-consistently determined as
The normalization condition (5) shows that only the single occupied state of the two-level structure contributes to the dynamics up to a trivial shift of cavity detuning¯ c scaled with atom number N a . For Eq. (6), we find that there exist multiple solutions, which implies that optical bistability may occur. This is the unique character of such coupled atom-cavity systems. Further, our linear stability analysis confirms that the steady state is bistable. Now, we numerically solve Eq. (6) selfconsistently and the results are shown in Fig. 2 . In Fig. 2(a) , we give the bistability curves of the steady-state mean intracavity photon numbern as a function of cavity detuning¯ c for fixed η/κ, and in Fig. 2(b) , as a function of pumping strength η for fixed cavity detuning. The dashed line in Fig. 2 with negative slope is unstable, while the other regimes are stable. Such optical bistability arises from the intrinsic nonlinearity of the cavity QED with cold atom systems, which has been reported both in experiment [7] and theory [9] .
To better understand the physics underlying the atom-cavity steady state, we replace the photon number operatorn in Eq. (2) with the temporary valuen and neglect the fluctuations, which is valid in a mean-field steady state. Then the atomic Hamiltonian is bilinear and can be diagonalized by introducing a set of Bogoliubov transformations,
with the inverse transformation
where θ k satisfies tan(2θ k ) = −U 0n /2ε k . The Hamiltonian given by (2) now is diagonalized and can be written asĤ 
g with a gap g = U 0n /2 can be exactly determined self-consistently through
Note that the quasiparticle introduced in Eq. (8) just describes a density wave state, where the atoms suffer a momentum transfer ±2K c due to the photon recoil by the off-resonance standing-wave field interference with each other. This DW instability occurs at an arbitrary, nonvanishing cavity-field amplitude.
043606-3 To gain more insight into the DW steady state, we introduce the natural density operatorρ Q = kf † k+Qf k to characterize this state, which is given by
From the above equation, we see that the density order ρ Q DW follows the gap g . We solve Eq. (9) numerically and find that the gap g approaches zero continuously with vanishing pumping strength. Then, by Eq. (10), we give the curve of the steady-state density order ρ Q DW (scaled with lattice number) versus pumping strength η in Fig. 3 , where we find that the density order ρ Q DW also approaches zero continuously at η = 0. This indicates a continuous transition from a free Fermi gas to a DW state occurring at vanishing pumping strength. This cavity-field-driven DW transition bears some similarity to the atomic self-organization transition in a transversally pumped atom-cavity system [18] , where the atoms are also trapped and scattered by a superlattice potential (although of a quantum nature) and form a regular pattern when the cavity pumping is above a threshold value η cr . However, there are still some distinctions between these two cases. First, the statistics of involved particles (bosons or fermions) are different: in our case, a free Fermi gas forms a DW state; while in Refs. [14, 18] , a BEC transitions to a self-organized state of bosons. Second, as pointed out in Ref. [18] , the self-organized state can be mapped to an incompressible Mott-like state; while in our case, the DW state is a compressible state, except at the specific filling of ν = 1/2 where the chemical potential µ is in the gap.
B. Time evolution: Coherent oscillation
Now, we turn to the dynamical evolution in this coupled atom-cavity system. We integrate Eq. (4) numerically with constant pumping strength η. The initial atomic state is naturally chosen as the ground state of free Fermi gas (assuming T = 0): state and k F is the Fermi momentum. In Fig. 4 , we give the numerical results of the mean cavity photon number n ph and effective cavity detuning δ c versus times t for different atom numbers N a , respectively.
From Fig. 4 , we can easily observe a good periodical oscillation of the mean cavity photon number with time. To understand this, we consider the dynamical evolution process in detail. When the cavity is pumped by a driven laser with constant value at t = 0, the cavity field builds up in a short time of 1/κ, which induces a transient-dipole potential on atoms in a far-detuning limit. Then the atoms are diffracted to a high-momentum state by this dynamical potential and shift the effective cavity detuning via
, which inversely changes the evolution of the cavity field. Note that the atomic motion can be seen as effective time-dependent oscillators, which can be obtained directly by differentiating the motion equation d
2 )σ y k (t). Because the time scale of the cavity damping (1/κ) is much faster than the motion of the effective oscillator, the cavity field can almost follow the mechanical motion adiabatically and give rise to the coherent oscillating behavior, which is a reflection of the atomic motion.
However, this kind of periodical oscillation of the mean cavity photon number becomes poor as the atom number increases. Actually, the effective mechanical oscillators of atomic motion are distinguishable and intimately relate to the atom number N a . The oscillators will interfere with each other, with the effect determined by the frequency differences of these oscillators. With the increasing of the atom number, the frequency differences of these modes become remarkable and the good periodic behavior is damaged. This is the main difference compared to the previous work [7, 9] , where actually only one effective mechanical mode couples to the cavity field, and the characteristic frequency only depends on the intrinsic many-body atomic state.
In addition, comparing the left and right panels of Fig. 4 , we find that when the effective detuning crosses the resonance point eff c = 0, the cavity photon number does not reach the maximal value η 2 /κ 2 . This is due to the retardation effect in which the cavity field cannot fully follow the change of the atomic state based on the parameters we have chosen.
So far we have limited this study to the cases of filling ν 1/2, however, similar dynamical analysis can be steadily extended to filling ν > 1/2. It is worth noticing that from the normalization given by (5), some of the atomic motion (n k +n k+Q = 2, i.e., double occupied) is frozen and does not contribute to the dynamical evolution process up to a shift of cavity frequency scaled as N a . In the limit case of ν = 1, the Fermi atoms form a band insulator with all the effective degrees of freedom frozen for a sufficiently small pumping rate. The atoms only shift the cavity resonance with a constant value of 1 2 U 0 N a , and the dynamics of the cavity field with the atoms is decoupled.
IV. EXPERIMENTAL DISCUSSION
Finally, we design an experiment to investigate the dynamics of a degenerate Fermi gas in a 1D optical lattice inside a cavity. We choose the cavity length L ∼ 100 µm, the cavity mode λ c ∼ 500 nm, and several hundred cold atoms. The experimental protocol can be taken as follows: the ultracold Fermi atoms (such as 6 Li, 86 Rb) are first loaded into a quasi-1D optical-lattice potential inside a high-finesse optical cavity, with the traverse degrees of freedom confined by a strong (magnetic or optical) trapping potential. Then by cooling the system to the degenerate temperature, the fermions are expected to occupy the lowest Bloch band with the filling factor satisfying ν 1. By applying a pumping laser along the axis, the Fermi atoms suffer a dynamical instability and a DW state may appear, which can be detected by optical Bragg scattering [23] .
Generally, there are two methods to implement the pumping laser. The first is to slowly (adiabatically) vary the pumping strength to a given value, then the collective atomic state can follow the pumping field and a steady value of cavity photon is reached, unless it approaches the bistable regime where the adiabatic continuity breaks down, as shown by the dashed line in Fig. 2 . The second is to turn on the pumping laser with a finite strength, which remains constant for a typical time t o . The time evolution is described by the Heisenberg equations with the results given by Fig. 4. 
V. CONCLUSION
In summary, we theoretically investigate the dynamics of a 1D-lattice degenerate Fermi gas coupled to a cavity field. In the off-resonance limit, the quantized-dipole potential induced by the cavity mode scatters the atoms into a DW state, which is interdependent with the intracavity-field potential. The optical bistability is found in the steady state for this atom-cavity system. Further, the dynamical evolution study shows that the cavity photon number exhibits the coherent oscillating behavior. We also propose an experimental protocol to observe these phenomena. Our research may benefit the study of the cavity QED with cold atoms and deepen the understanding of the cavity effect on atomic assemblies.
